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Abstract. In this paper we discuss interacting particles in an external magnetic field. By comparing the
Schrödinger equation of three interacting particles with the associated Laguerre differential equation, we
obtain the energy spectrum which corresponds to indices ni and mi. Finally by using the so called fac-
torization method we obtain the raising and lowering operators. These operators are supersymmetric
structures related to the Hamiltonian partner. Also these operators lead to the realization of Heisenberg
Lie superalgebras with two, four and six supercharges.

PACS. 21.60.Cs Shell model

1 Introduction

In a recent paper [1], a new mechanism for the formation
of three-particle clusters in the Si-MOSFET structures
and GaAs /AlGaAS hetro junctions has been studied.
These studies have shown that the exchange type inter-
actions between 2D band electrons in the inversion layer
and charged impurities in the oxide layer of the MOSFET
can lead to an effective three-particle attractive interac-
tion. An attraction between three particles leads to the
formation of bound states with negative energies. However
a weak attractive interaction between three particles does
not produce a transition to a liquid state of the electron
gas as described in Laughlin’s approach [2,3]. The ground
state with three-particle clustering could be energetically
favored in the fractional quantum Hall regime.

We should stress that supersymmetry in quantum me-
chanics is based upon the factorization method in the
framework of shape invariance. If a quantum mechanics
problem allows supersymmetry, we must then factorize
the Hamiltonian of quantum states in terms of a multi-
plication of the first-order differential operators as shape
invariant equations. In this approach, the Hamiltonian is
decomposed once in successive multiplication of lowering
and raising operators. In such a way the corresponding
quantum states of successive levels are the eigenstates
of them. These Hamiltonians are called supersymmetric
partners of each other. Initially the factorization method
was suggested by Darboux [4] and later the application
of this method was provided by Schrödinger in the frame-
work of quantum mechanics [5]. To date, using the fac-
torization method many studies on the one-dimensional
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shape invariance potential in the framework of supersym-
metric quantum mechanics have been carried out [6–8].
Nowadays the concept of shape invariance has extended to
ordinary differential equations and on this basis a second-
order differential operator will decompose the multiplica-
tion of ladder operators [9].

In this paper, we use the factorization method and
shape invariance of the associated Laguerre differential
equation with respect to two parameters mi and ni

and obtain the factorized Schrödinger equations for the
three-interacting particles and also the energy spectrum.
The supersymmetric structure corresponding to three-
interacting particles describes the laddering relations for
the parameters mi and ni respectively. These are inter-
preted as the Heisenberg Lie superalgebra H ⊕ H ⊕ H
for the three-interacting particles model. Also, we derive
a nice symmetry involving simultaneous displacement of
both parameters ni and mi for three-interacting particles
quantum states. Finally, we can conclude the Heisenberg
Lie superalgebra H ⊕H ⊕H is realized by achieved oper-
ators.

2 Hamiltonian of the three-interacting
particles

The Hamiltonian of the three-interacting particles in an
external magnetic field can be constructed by,

H =
−�

2

2Me

3∑

j=1

(
∂

∂rj
− i

e

�c
Aj

)
+
k

2

[
(r1 − r2)

2

+ (r1 − r3)
2 + (r2 − r3)

2
]
, (1)
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where rj (j = 1, 2, 3) are two- dimensional (2D) position
vectors with effective mass Me.

The spring strength is chosen as k = Meω02
3 , where ω2

0
is the specific frequency of the electron’s relative vibration.
Aj = B

2 {−y, x, 0} is the symmetric-gauge vector potential
at the jth particle for a magnetic field B = {0, 0, B

2 } which
is perpendicular to the electronic inversion layer.

In order to solve the Hamiltonian (1), we diagonalize
it by introducing the new coordinates {r, ζ, η},

r =
1√
3
(r1 + r2 + r3)

ζ =
1√
2
(r1 − r2)

η =

√
2
3
(
r1 + r2

2
− r3), (2)

where r is the center-of-mass coordinate, ζ is the relative
coordinate of the particle 1 and 2, η is the relative coor-
dinate of the third particle with respect to the center —
of — mass of the particle 1 and 2.

In this representation the Hamiltonian can be decom-
posed as,

H(r, ζ, η) = H(r) +H(ζ) +H(η), (3)

where

H(r) =
−�

2

2Me

∂2

∂r2
+

3�
2

8Mel4B
r2 +

i�2

2MelB
2 (r ×∇)z, (4)
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(5)

H(η) =
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2
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∂η2
+
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2

8Mel4B
+

3k
2

)
η2+

i�2

2MelB
2 (η×∇)z,

(6)
where lB2 = �c

eB is the magnetic length.
The wave function of the initial Hamiltonian, equa-

tion (1) can be presented as the product of three wave
functions of equations (4)–(6):

Ψ(r1, r2, r3) = ψ(r)ψ(ζ)ψ(η).

Schrödinger’s equations associated with the Hamiltonians
given by equations (4)–(6) can be easily solved in a polar
coordinate system,

(
∂2

∂ρ2
+

1
ρ

∂
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+

1
ρ2

∂2
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)
Ψ(ρ, φ) +

i

lB
2

∂

∂φ

+
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�2

(
E − (

�
2

8MelB
4 +

3k
2

)ρ2

)
Ψ(ρ, φ) = 0 (7)

where ρ and φ are the radial and angular variables in the
polar coordinate system.

The solution of this equation can be easily obtained by,

Ψ(ρ, φ) = eimφΦ(ρ), (8)

by defining K and ε,

�
2

8MelB
4 +

3k
2

= K, (9)

E − �
2

2Me

m

lB
2 = εm, (10)

equation (7) becomes;

Φ′′(ρ) +
1
ρ
Φ′(ρ) +

2Me

�2

(
εm − �

2

2Me

m2

ρ2
−Kρ2

)
Φ(ρ) = 0.

(11)
With the definition of variable z = Aρ2 and Φ(ρ) =
R(z)Ln,m(z) we obtain the following Schrödinger equa-
tion,

zL′′
n,m(z) +

[
1 + 2z

R′

R

]
L′

n,m(z) +
[
z
R′′

R

+
R′

R
+
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(
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2Me

A

z
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A
z

)]
Ln,m(z) = 0.

(12)

3 Mathematical foundation

By supersymmetry approaches, we compute the param-
eters A, E and also the bound states Ψ(ρ, φ) from the
comparison of the differential equation (12) with the as-
sociated Laguerre differential equation in an appropriate
manner. Also here, we factorize the second order differ-
ential equations into the new sets of operators A− and
A+ of shape invariant form, which are first order differ-
ential equations. This process is called the factorization
method. To begin, we need to recall that for the real pa-
rameters α > −1 and β > 0, the associated Laguerre
differential equation corresponding to L(α,β)

n,m (z) in the in-
terval z ∈ (0,∞) is introduced as follows [10–12]:

zL′′(α,β)
n,m (z) − [1 + α− βz]L′(α,β)

n,m (z)

+
[
(n− m

2
)β − m

2
(α+

m

2
)
1
z

]
L(α,β)

n,m (z) = 0.

(13)

Here, the indices n and m are non-negative integers with
0 ≤ m ≤ n. The associated Laguerre functions L(α,β)

n,m (z)
as the solution of the differential equation (13) have the
following Rodrigues representation,

L(α,β)
n,m (z) =

an,m(α, β)
zα+ m

2 e−βz

(
d

dx

)n−m (
zα+ne−βz

)
, (14)

in which an,m(z) is the normalization coefficient. As men-
tioned in references [10–12] and [13] we can write the asso-
ciated Laguerre differential equation (13) as the following
shape invariant equations with respect to the parameters
m:

A+
m(z)A−

m(z)L(α,β)
n,m (z) = (n−m+ 1)βL(α,β)

n,m (z)

A−
m(z)A+

m(z)L(α,β)
n,m−1(z) = (n−m+ 1)βL(α,β)

n,m−1(z), (15)
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where the explicit forms of operators A+
m(z) and A−

m(z)
are respectively:

A+
m(z) =

√
z
d

dz
− m− 1

2
√
z
,

A−
m(z) = −√

z
d

dz
− 2α+m− 2βz

2
√
z

. (16)

One may write down the shape invariance equation (15)
as the raising and lowering relations:

A+
m(z)L(α,β)

n,m−1(z) =
√

(n−m+ 1)βL(α,β)
n,m (z),

A−
m(z)L(α,β)

n,m (z) =
√

(n−m+ 1)βL(α,β)
n,m−1(z). (17)

On the other hand, the associated Laguerre differential
equation (13) can be factorized with respect to parameter
n, for a given m as [10,11],

A+
n,m(z)A−

n,m(z)L(α,β)
n,m (z) = (n−m)(n+ α)L(α,β)

n,m (z),

A−
m(z)A+

n,m(z)L(α,β)
n−1,m(z) = (n−m)(n+ α)L(α,β)

n−1,m(z),
(18)

where the differential operators as functions of the param-
eters n and m are obtained as follows, respectively:

A+
n,m(z) = z

d

dz
− βz +

1
2
(2n+ 2α−m),

A−
m(z) = −z d

dz
+

1
2
(2n−m). (19)

Note that the shape invariance equations (18) can be writ-
ten as the raising and lowering relations:

A+
n,m(z)L(α,β)

n−1,m(z) =
√

(n−m)(n+ β)L(α,β)
n,m (z),

A−
n,m(z)L(α,β)

n,m (z) =
√

(n−m)(n+ β)L(α,β)
n−1,m(z). (20)

The method described, after some calculations, leads to
the following normalization coefficient;

an,m(α, β) = (−1)m

√
βα+m+1

Γ (n−m+ 1)Γ (n+ α+ 1)
. (21)

The normalization coefficient (21) has also been chosen
so that the associated Laguerre functions Lα,β

n,m(z) with
the same m but with different n with respect to the in-
ner product with the weight functions zαe−βz forms an
orthonormal set in the interval 0 ≤ z <∞ :

∫ ∞

0

L(α,β)
n,m (z)L(α,β)

n′,m (z)zαe−βzdz = δnn′ . (22)

4 Interacting particles in a magnetic field

In order to obtain the energy spectrum, A and Ψ(ρ, φ) we
need to compare equations (12) and (13). By using this
formulation, we can obtain R(z) and A,

R(z) = z
α
2 e−

β
2 z, (23)

A =
1
β�

√
2MeK =

1
β

√
1

4lB2 +
2Me

�2

3
2
k, (24)

where k = Meω0
2

3 , ωB = eB
Mec (Cyclotron frequency). Fi-

nally one can rewrite A as follows,

A =
1

2βlB2

√

1 +
4ω0

2

ωB
2
. (25)

Also by comparing the equations (12) and (13), we obtain
the energy spectrum as;

Eni,mi = �ωB

√

1 +
4ω0

2

ωB
2

[
(ni +

α

2
)β

− (mi − 1)β
2

]
+
mi�ωB

2
. (26)

If we compare the spectrum of the three-interacting parti-
cles with the spectrum of three free particles in a magnetic
field we shall see that the former state has a lower energy.
This statement shows that the additional term − (mi−1)β

2
in equation (26) decreases the energy spectrum.

Here we also note that the index i in equation (26)
describe the variables r, ζ and η, because they obey similar
equations.

The wave function for three-interacting particles in an
external magnetic field is,

Ψ(ρ(z)) = eimiφz
α
2 e−

β
2 zLα,β

ni,mi
(z). (27)

Using the function z
α
2 e−

β
2 z on the operators A±

m(z) ap-
pearing in equations (15), together with application of the
new variable ρ, z = Aρ2 (0 ≤ ρ <∞) we can easily get the
radial Schrödinger equation. According to this procedure,
the explicit forms of the raising and lowering operators
corresponding to the parameter mi are calculated as,

A±
mi

(ρ) = ± 1
2
√
A

d

dρ
+W β

mi
(ρ), (28)

where W β
mi

(ρ) is the well-known three-interacting parti-
cles in an external field superpotential, which is,

W β
mi

(ρ) =
1

2
√
A

[
Aβ

2
ρ− α+mi − 1

2ρ

]
. (29)

Also, with the help of the associated Laguerre function
L

(α,β)
ni,mi(z), we obtain the three-interacting particles quan-

tum states corresponding to the supersymmetric part-
ner [14],

A+
mi

(ρ)A−
mi

(ρ)Ψni,mi(ρ) = (ni −mi + 1)βΨni,mi(ρ)

A−
mi

(ρ)A+
mi

(ρ)Ψni,mi−1(ρ) = (ni −mi + 1)βΨni,mi−1(ρ),
(30)

as

Ψni,mi(ρ) = A
2α+1

4 ρ
2α+1

2 e−
Aβ
2 ρ2

Lα,β
ni,mi

(Aρ2). (31)
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From equations (20), the raising and lowering relations for
the quantum states of the three-interacting particles are
as follows,

A+
mi

(ρ)A−
mi

(ρ)Ψni,mi−1(ρ) =
√

(ni −mi + 1)βΨni,mi(ρ),

A−
mi

(ρ)A+
mi

(ρ)Ψni,mi(ρ) =
√

(ni−mi + 1)βΨni,mi−1(ρ).
(32)

Now by using the orthonormal form of Laguerre polyno-
mial and Ψni,mi(ρ) from equations (22) and (31), it is eas-
ily shown that the set of quantum states Ψni,mi(ρ) for a
given value of mi forms an orthonormal set,

∫ ∞

0

Ψni,mi(ρ)Ψn′
i,m

′
i
(ρ)dρ = δni,n′

i
. (33)

The operators A+
mi

(ρ) and A−
mi

(ρ) are hermitian conju-
gates of each other with respect to inner product (33).
Shape invariance (30) describe radial part of the three
— interacting particles in an external fields as supersym-
metric Hamiltonian partners with the following partner
potentials:

V (±;β)
mi

(ρ) = W 2
mi

(ρ) ± d

2
√
Aρ

Wmi(ρ), (34)

so we have,

V (±;β)
mi

(ρ) =
A

4
(βρ2) +

1
2Aρ2

[(
α+mi

−1
±1
2

)
(α+mi − 1)

]
− β

2

(
α− 1 +mi ∓ 1

2

)
, (35)

which satisfies the following shape invariance,

V +
mi

(ρ) − V −
mi+1(ρ) = Const., (36)

and constant is the function of parameter β which is just
some number.

Also we know that the first — order differential equa-
tion (21) for mi = ni + 1 gives ground state Ψni,ni(ρ) as,

Ψni,ni(ρ) = (−1)ni

√
βni+α+ 1

2

Γ (ni + α+ 1
2 )
A

ni+α

2 ρni+αe−
βA
2 ρ2

,

(37)
where it is in agreement with the analytic solution given
for the ground state in (31). Now, using the equation (32)
for given ni, one can calculate algebraically all other quan-
tum states by the ground states Ψni,ni(ρ),

Ψni,mi(ρ) =
A−

mi+1(ρ)A
−
mi+2(ρ)...A

−
ni

(ρ)Ψni,ni(ρ)√
βni−miΓ (ni +mi + 1)

, (38)

where mi = 0, 1, 2, ..., n− 1.
In order to obtain the raising and lowering operators of

the first index ni which describes radial quantization for
the three-interacting quantum states, we do the similarity

transformation by the function z
α
2 e

−β
2 z on the operators

A±
ni,mi

(z) of equation (20),

A±
ni,mi

(ρ) = ±ρ
2
d

dρ
− β

2
Aρ2+

1
2

(
2ni + α− 1 +mi ∓ 1

2

)
,

(39)
in which the radial variable ρ has been also used. Hence,
the equation (20) yield the following relations for the rais-
ing and lowering of three-interacting particles quantum
states with respect to first index ni:

A+
ni,mi

(ρ)Ψni−1,mi(ρ) =

√
(ni−mi)(ni+α− 1

2
)Ψni,mi(ρ),

A−
ni,mi

(ρ)Ψni,mi(ρ) =

√
(ni−mi)(ni+α− 1

2
)Ψni−1,mi(ρ).

(40)

It is obvious that for a given mi, one can derive the lowest
state Ψmi,mi(ρ) as equation (37) with mi instead of ni

from the first-order differential equations (40) with ni =
mi. So Ψni,mi(ρ) will be as

Ψni,mi(ρ) =

√
Γ (α+ 1

2 +mi)
Γ (α+ 1

2 + ni)Γ (ni −mi + 1)

×A+
ni,mi

(ρ)A+
ni−1,mi

(ρ)...A+
ni+1,mi

(ρ)Ψmi,mi(ρ), (41)

where ni = mi + 1,mi + 2, · · ·
We now give an interesting feature of a simultane-

ous shape invariance with respect to both parameters ni

and mi of the three-interacting particles quantum states
Ψni,mi(ρ). Defining the differential operators of first -order
as the following form which are hermitian conjugates of
each other with respect to the inner product (33),

A+
mi

= A+
mi

(ρ)A+
ni,mi−1(ρ) −A+

ni,mi
(ρ)A+

mi
(ρ)

=
1

2
√
A

d

dρ
+W−β

mi
(ρ),

A−
mi

= A+
ni,mi−1(ρ)A

+
mi

(ρ) −A+
mi

(ρ)A+
ni,mi

(ρ)

= − 1
2
√
A

d

dρ
+W−β

mi
(ρ), (42)

and with the help of equations (20),(22) and (40), one can
obtain the following relations for the raising and lower-
ing of the quantum states Ψni,mi(ρ) with respect to both
parameters ni and mi,

A+
mi

(ρ)Ψni−1,mi−1(ρ) =

√
(n+ α− 1

2
)βΨni,mi(ρ)

A−
mi

(ρ)Ψni,mi(ρ) =

√
(n+ α− 1

2
)βΨni,mi−1(ρ). (43)

As another interesting result, using the relations (43), one
can obtain the factorized Schrödinger equations with re-
spect to both parameters ni and mi,

A+
mi

(ρ)A−
mi

(ρ))Ψni,mi(ρ) =
(
n+ α− 1

2

)
Ψni,mi(ρ),

A−
mi

(ρ)A+
mi

(ρ))Ψni−1,mi−1(ρ) =
(
n+α−1

2

)
Ψni−1,mi−1(ρ),

(44)
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which includes the three-interacting particles supersym-
metric partner potentials V (+,−β)

mi (ρ) and V
(−,−β)
mi (ρ), re-

spectively.
The supersymmetric partner Schrödinger equa-

tions (44) are again the radial part of the Hamiltonian
corresponding to the three-interacting particles. The en-
ergy levels are independent of mi. Unlike equations (20)
and (19), they are described only in terms of the radial
quantum number ni. Since the following relations are iden-
tically satisfied,

A+
mi

(ρ)A−
ni,mi−1(ρ) −A−

ni,mi
(ρ)A+

mi
(ρ) = 0,

A+
ni,mi−1(ρ)A

−
mi

(ρ) −A−
mi

(ρ)A+
ni,mi

(ρ) = 0, (45)

it becomes obvious that we cannot obtain the different
operators of first-order such that they increase one of the
indices ni andmi and decrease the other index by one unit.

Therefore, we have obtained three different types of
the laddering relations (32), (40) and (43) for the three-
interacting particles quantum states. The existence of each
relation leads us to the representation of the Heisenberg
Lie superalgebra H . Meanwhile, using any type three (or
different type two) of the mentioned laddering operators,
we can construct the Heisenberg Lie superalgebra H ⊕
H ⊕ H(H ⊕ H). In order to do this, we need to define
the supercharge Q±

j and the bosonic operator Hj , for j =
1, 2, 3 as 6 × 6 with the following matrix elements:

(Q+
1 )jk = δj1δk6A

+
mi

(Q−
1 )jk = δj6δk1A

−
mi
,

(Q+
2 )jk = δj2δk5A

+
ni,mi

(Q−
2 )jk = δj5δk2A

−
ni,mi

,

(Q+
3 )jk = δj3δk4A

+
mi

(Q−
3 )jk = δj4δk3A

−
mi
, (46)

and also we have,

(H1)jk = δj1δk1A
+
mi
A−

mi
+ δj6δk6A

−
mi
A+

mi
,

(H2)jk = δj2δk2A
+
ni,mi

A−
ni,mi

+ δj5δk5A
−
ni,mi

A+
ni,mi

,

(H3)jk = δj3δk3A
+
mi
A−

mi
+ δj4δk4A

−
mi
A+

mi
. (47)

One can conclude the (anti) commutation relations of the
Heisenberg Lie algebra H ⊕H ⊕H as follows,

{Q+
j , Q

−
k } = δjkHk,

{Q+
j , Q

+
k } = {Q−

j , Q
−
k } = 0,

[
Hj , Q

±
k

]
= [Hj , Hk] = 0. (48)

Note that the Heisenberg Lie superalgebraH1⊕H2 can be
extracted in a similar manner. We also recall that the su-
percharges Q± and the bosonic operator H are defined as,

Q± =
3∑

j=1

Q±
j H =

3∑

j=1

Hi, (49)

which satisfy the (anti)commutation relations of Heisen-
berg Lie superalgebra H2 ,

{Q+, Q−} = H,

{Q+, Q+} = {Q−, Q−} = 0,[
H,Q±]

= 0. (50)

In fact, the existence of every pair of raising and lower-
ing operators in quantum mechanics via the introduction
of two supercharges operators (Q+, Q−) and one bosonic
operator (H) enable us to construct a representation of
supersymmetry algebra.

5 Conclusion

In this paper we discuss three-interacting particles. We
have obtained the energy spectrum and some parameters
for the three-interacting particles problem system. Using
the factorization method, we derived some laddering op-
erators. We could conclude that these laddering opera-
tors lead to Heisenberg Lie superalgebra. This leads us
to introduce some supercharge operators. The interesting
problem here is to find a representation for the supersym-
metry algebra using method of shape invariance for the
three-interacting particles problem.
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